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wavefunctions
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43, Bd du 11 Novembre 1918, 69621 Villeurbanne, France

Received 26 July 1977

Abstract. In order to extend the original range of applicability of the ladder operator
formalism, a novel method of resolution of perturbed equations is presented. This method,
capable of handling any order of the perturbation, allows an easy determination of
‘perturbed ladder operators’ and hence gives analytical expressions for the perturbed
eigenvalues and eigenfunctions in terms of the quantum numbers of the unperturbed
factorisable problem. The case of a wave equation with a Coulomb potential (factorisable
type F) perturbed by an additive Hamiltonian expanded in a positive power series of r, i.e.
Viny=-[l(l+ 1)/r2] —(2q/r)+bo+byr+. . .+ bgr®, is worked out in detail. Application to
the screened (static or cosine) Coulombic problem is given as an illustrative example.

1. Introduction

The Schrodinger-Infeld-Hull factorisation method (Schrodinger 1940, Infeld and
Hull 1951) is known to be an elegant method of solving fundamental equations of
mathematical physics which admit solutions of hypergeometric form (Duff 1949,
Hadinger et al 1974). The concept of ‘ladder operators’ (for instance, the J* operators
of angular momentum theory) is now a familiar one, and there is interest in the
principle and computational point of view of the method. When a given equation is
factorisable the complete set of normalised eigenfunctions can be generated by
repeated application of the ladder operators to the ‘key function’, which is the solution
of a first-order differential equation. Moreover, the eigenvalues are readily obtained
from knowledge of the factorisation type to which the equation belongs. In fact, the
original range of applicability of the method can be extended within the perturbation
scheme, in order to treat problems which are beyond its prime and original scope.

One of these possible extensions, i.e. the ‘perturbed factorisation’ technique was
recognised early (Schrédinger 1940, Infeld and Hull 1951, Infeld 1942). Summarising
‘grosso modo’ the principle of this technique: one tries to build up perturbed ladder
operators associated with successive orders of the perturbation. Once the perturbed
ladder operator is found, the usual factorisation scheme applies. Hence, one could
obtain analytical expressions for both the perturbed eigenvalues and eigenfunctions to
the required accuracy.

At this early stage, it should be emphasised that the straightforward extension of
the ‘unperturbed scheme’ (i.e. trying to determine the perturbed ladder right from the

467



468 N Bessis, G Bessis, B Dakhel and G Hadinger

beginning) unfortunately leads to rather intricated calculations. This is probably why
Infeld and Hull (1951) have limited their pioneering use of this procedure to second-
order Stark effect calculations and this is why we have to work out a novel procedure
capable of handling any order of perturbation and possessing a wider range of
applicability.

After an essential review of the basic theory of the ‘exact’ ladder operator in § 2,
our new perturbed factorisation scheme is presented in § 3 and particular attention is
paid to the fundamental radial factorisation types E and F. For the Coulombic case
(F), detailed computations are carried out in § 4, Finally, eigen-energies and eigen-
functions of the screened Coulombic problem are given as an illustrative application.

2. Exact factorisation

In order to set up the notation, it is necessary first to briefly recall how the ladder
operator works when it is applied to solve a so called factorisable equation.

Many problems of fundamental interest in quantum mechanics lead to equations
of the Sturm-Liouville type. Without restricting the generality of the problem, by an
appropriate transformation of variable and function, these equations can be reduced
to the standard form (see appendix 1):

2

d
(T4 U@ m)+ A ¥im) =0 ()
associated with the boundary conditions (x; < x < x,)
W=l =0; [ Ww@lde=1 @

where m =mg, mo+1, mo+2 ... is assumed to take successive discrete values label-
ling the eigenfunctions.
Such an equation (1) is factorisable when it can be replaced by each of the
following two differential equations:
H;HH;H Vi = (Aj—L(m+ 1))‘1,1'»1

HoH o Vim = (Aj—L(m))¥m ®

where j is the quantum number associated with the eigenvalue A;, L(m) is a function
which does not depend on x and H, are ladder operators

N d
H,,.=K(x,m)¢a. 4
Then, the eigenfunctions V¥,, are solutions of the following pair of difference-
differential equations (see Infeld and Hull 1951, Hadinger et al 1974):
H;-H q’]‘m = (A) _L(m + 1))1/2‘ij+1
HpWim=(Aj=L(m))"*¥)p1. )

That is to say, the ladder operators H,, generate the eigenfunctions step by step,
downward or upward, and allow the determination of any ¥;,(x) function from the
knowledge of the ‘key function’ ¥, which is the solution of a first-order differential
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equation. Furthermore one very interesting property is that if one starts from a
normalised key function ¥;, then the ladder operation (5) generates normalised
eigenfunctions ¥;,,.

When L(m) is an increasing function of m (class 1 problems), the necessary
condition for the existence of quadratically integrable solutions, i.e. the quantification
condition, is given by

j—m =v =integer=0. ®)
The eigenvalues are
A;=L(j+1). Q)

The ‘key function’ is the solution of the first-order differential equation
. d
(k@ + D)W =0. ®)

When L(m) is a decreasing function of m (class 2 problems) the quantisation
condition is m —j=v =integer=0. The eigenvalues are A;=L(j) and the eigen-
functions are obtained in an analogous way to class 1 problems.

From the comparison of equations (1) and (3), it is easily shown that the necessary
and sufficient condition to be satisfied by K (x, m) and L(m) allowing the factorisation
of equation (1) is:

(K (x, m + 1))2+a‘-1;1<(x, m+1)+Lim+1)=~U(x, m)

9)
(K (x, m))z—a%K(x, m)+L(m)=-U(x, m).

As is well known (Infeld and Hull 1951), there are six fundamental factorisable
cases which are summarised in table 1. However, when direct factorisation is not
possible solely because of the inadequate m-dependence of the potential U(x, m)
under consideration, one can resort to ‘artificial’ or ‘embedded’ factorisation, i.e. one
can consider U(x, m) as ‘embedded’ in a new potential function u(x, m, u) which
belongs to table 1 (if one considers u as a supplementary parameter) such that
u(x, m, m)=U(x, m). Then, equation (1) is factorised using u(x, m, u), and class 1 (or
class 2) eigenvalues A;=L(j+1, u) (or A;=L(j, u)) are determined as well as the
eigenfunctions W, (x, u), both depending on the parameter u. At the end of the
ladder procedure, one sets u = m and merely obtains the required solutions.

Nevertheless, as will be shown in the present paper, when neither direct nor
embedded factorisation applies, it is still possible to widen out the narrow limits of the
six Infeld—Hull cases of factorisability by mapping the perturbation scheme onto the
ladder operator formalism.

3. The perturbed ladder operator method

3.1. Method

Now let us consider the second-order differential equation (1) involving a potential
function % (x, m) which does not belong to any of the six factorisable types of table 1
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Table 1. Infeld-Hull factorisation types.

Type Ux, m) K(x, m) L(m)
a? 9 ad 22
A -—— (m(m+1)+d +d(2m+1)cosax) ma cot ax +— a‘m
sin® ax in ax
B ~d? exp(2 ax)+ad(2m +1) exp (ax) —ma +d exp(ax) —a’m?
c D) 22y pomet) ?+bx —4bm
x
D —(bx +d)Y+b2m+1) bx+d —2bm
2 2
a q 2.2 4
- - t tax +— -
E e axm(m+1) 2aq cot ax ma cot ax - a‘m -~
m(m+1) 2q m q (12
F R S —+— -3
x x x m m

and let us assume that this potential function, as well as the associated factorisation
functions #(x, m) and £(m) to be found, can be expanded in a perturbation series
with a parameter 7n:

U(x, m)=UP%x, m)+qUP(x, m)+n>UP(x, m)+. ..
H(x, my=KOx, m)+nKx, m)+n’KPx, m)+. .. (10)
L(m)=LOm)+nLP(m)+n’LP(m)+. ..

where K@(x, m) and L®(m) are the factorisation functions allowing an exact
factorisation of the wave equation (1) with U®(x, m).

Then one has to satisfy the factorisability condition (9) up to a given power of the
parameter n. The required K™, L™ and U™ are found to be solutions of the
following equations:

N
Y KO m+DKNx, m+ 1)+%K(N)(x, m+1)+LVm+1)=-UN(x, m)
r=0

(11)

N
ZO K®0, mKN(x, m )—d%K‘N)(x, m)+L®™(m)=-U(x, m).
These equations (11) will be solved recursively, i.e. when considering the deter-
mination of K™ and U™ it is assumed that all the K for v = 1,2...N—1 have
already been found.

As we pointed out before, our procedure at this stage will differ from the
Infeld-Hull one: we determine first U™ (x, m) instead of K®(x, m). In order to
eliminate K ™’(x, m) from (11), it is best to consider the two equivalent combinations

S K, m)= 30, m)= U, m~1)
2KO%x, m)K ®M(x, m)+ 35U (x, m)+ UN(x, m —1)) (12)

N-—-1
+L®m)+ ¥ K%, m)KN " (x, m)=0.
v=1
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Integrating the first equation of (12) by setting

d

o W™ (x, m) (13)

UN(x, m)=

gives
K™ (x, m)=3W™x, m)= WP, m— 1))+ k(m) (14)
where k(m) is an integration constant which, of course, could depend on m.

Then, from (12) and (14), one obtains the following difference-differential equa-
tion:

%(W(N)(x, m)+ W™, m—1)+ KO, mYWN(x, m)- W, m-1))

B =

N-1
+2K O, mk(m)+ L (m)+ ¥ K®(x, m)KN(x,m)=0.  (15)
yv=1

The finite-difference aspect of (15) determines the m-dependence of the functions
W®™(x, m) and L™ (m) while its differential aspect determines the x-dependence of
W™ (x, m). Once the W™(x, m) is found, the perturbing potential U™’(x, m) and
the associated ladder function K®(x, m) are given by (13) and (14) respectively.
Then the perturbed problem (up to the Nth order) may be handled in the same way as
the exact factorisable (unperturbed) problems.

3.2. m-dependence of the factorisation functions and potential

The kind of m-dependence of the perturbing U™, K™ and L™’ functions follows
(see equations (12) or (15)) from the m-dependence of the zeroth-order ladder
function K (O)(x, m) which is (table 1):

K%, m)=f(x)m+g(x), for types Ato D (16)
or

K%, m)=fx)m+(q/m), for types E and F. 17)

By analogy with the exact factorisation scheme, a finite expansion of powers of m
is assumed for U'”(x, m), and hence for W®(x, m). Nevertheless, when substituting
both expressions of W and K@ (equations (16) or (17)) into (15), it is easily shown
that, for all factorisation types (A-F), W®(x, m) involves only positive powers of m.
Step by step it could be shown that this result holds for any order.

In order to investigate thoroughly the m-dependence of W™(x, m), one has to
distinguish between the K ©(x, m) which are linear functions in m (equation (16)) and
the K®(x, m) which are non-linear in m (equation (17)). In the present paper, we
shall focus our attention on this last case.

For general types E and F(q #0) and for any order N of the perturbation, the
following m-parity relationships hold: K™(x, ~m)=—-K®(x, m); LN(=m)=
L®™(m) and U®(x, m) is found to be a series of m(m+1). These are indeed
properties already verified by K @(x, m), L®(m) and Ux, m) (see table 1).
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Therefore, an adequate expansion of the W™ and U™ functions is as follows:

W™(x, m)= g (x)+ Z Y& (x)m(m+1)]° (18)
dy® Sy gy M0 .
UM m)=—T—~+ L —I=[m(m+1)] (19)
From (18) one gets
N> ™) ™) e S AW
W, m)+ W, m—1)=2y5"(x)+2 Z m ZQ ( 2u) vin(®)
oy (20)
o vt+u
W™e, m)= Wx, m~1)=2 Z m™? Z () v
where () are binomial coefficients.
From (14), one obtains the perturbing ladder function
NV S
) _ 20-1 U"’“) ) o 201
K™(x, m)= Z m Z (o )70+ X kum 1)
where k, are constants (with respect to x and m).
An adequate expansion of the factorisation function is
L™m)= Z Bum®* (22)

v=-1

Anticipating the results demonstrated in the next section, and also for convenience,
the effective bounds of summations in (22) and in the last term of (21) have been
written out.

3.3. Perturbing potentials and ladders (E) and (F)

3.3.1. First order of perturbation (N I1). Using (20), (22), (17) and (15), that is to say
putting the m-dependence of W into the factorisability condition (15), one obtains:

[(O)+2(,° Jreo]re

=~B -2k -2k f(x)

_jzl [2(20141“1)](( )+ ( )di+2q<20utu1)] 92“( ) (23)

where (see table 1)

fr)= {a cot ax for type E 24)

1/x for type F.

The general solution of this triangular linear differential system in the y{" (x) is easily
found. Setting

- - _ [ Q@/sin ax)* for type E
R =oxp( 20 | ftryar) =L 1750 for e 25)
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onegets (I1sv=<$,)

YO0 = COR - Fu(e) | 2o B + 20k + 24 Pf()

F,(x)
- Z [ <2vuiu1)f (")*(vzlu)%*“sz(z”f—“l)] bha(x )} (26)

For any choice of the truncation bound §i, the vy (x) can be calculated from (26),
step by step, downwards for v=8;, $;—1...1. The ladder function K®(x, m)
involving the free constants C°, k" and B¢, is then obtained from (21) and the
perturbing potential U “)(x, m) from (19) where (see equation (23) for v = 0)

d‘Yo -

. ~B6” —2qk{" ~ 2k f(x) - 2qv1" (x). @7

Let us point out that, for type F, U™ is merely a series of positive and negative powers
of x while for type E, U™ is a rather intricate function of x (see equations (25) and

(26)).

Finally, the vanishing conditions, when v =—-1, =2, . ..orv=8+1,8+2,..., of
the binomial coefficients involved in (23) lead to the following identities:
B-1=—2qko
kN =kB=...=0; k§2 =k$l=...=0 (28)
B3 =83=...=0; B¢ =g, =...=0.

This is the justification of the values of the summation bounds in (21) and (22).

3.3.2. Nth order of the perturbation. When considering the determination of the
Nth-order functions, it is assumed that those of the lower orders have already been
found. Then in equation (15) one can write

Z K (x, m)K® ™ (x, m)= Zw(m(x)mz” 29

where the » ("’ (x) are completely known.

Consequently, the Nth-order differential system which determines the y& (x) is
merely obtained from the first-order equation (23) by the formal change 8 >
BN +w(x), ie. one gets y(x) by use of expression (26), and subtracting the
followmg term from this:

()= @) [ 2ot ), (30)

dx
F,(x)
Finally, the X ™ and U™ functions can be calculated, to any order N, without
significant difficulty (equations (21) and (19)) and the general type E (or type F)
factorising (up to the Nth order) potential %(x, m) is obtained (equation (10)). Its
general expression involves free constants CY, k% and B’ (v =1, N;v =1, §,) to be
adjusted in order to match with a given physical potential function in equation (1).

The same procedure applies to determine types A-D perturbed potentials. It has
been found that, in these cases, K™(x, m) does not have a definite parity in m and
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that an adequate expansion of U™, and hence of W™, involves powers of m(m +1)
as well as odd powers of (2m +1). These cases will be investigated in a further paper
together with some illustrative applications.

4. Generalised central field energies and wavefunctions

4.1. Determination of the factorisation and ladder functions

In view of many possible applications and as an illustrative example, it is worthwhile
to work out in detail a special type F case corresponding to the particular choice of the
free constants in (26), i.e. C) =k =0 (» = 1, N). In that case the expression of the
v (x) reduces to

(N -
M ()= — ) vHu\
v )=y T - uzl ( u )Yw()
SNTv 1\ 20 2WJ2uQRu+1)/v+u v+u ™)
* ugl (;) Jx [ (2u+1)x ( 2u >_2q(2u_1)]70+u(x)dx, (31)

From this expression it can be inferred recursively that the y& are polynomials of x
of degree (Sx+1—v) whose coefficients depend on the free constants 8 (v =1,
N-1;i=1,8,). It should be noted that, once the first-order truncation bound S, has
been arbitrarily chosen, the choice (i.e. the minimal values) of S5, S5 ... Sn is not free.
Indeed, when calculating v, the polynomial QX (x)in (31) is already fixed as data
following from the results of the preceding orders. Subsequently, the highest power of
x on the right-hand side of (31) is fixed and associated to Sy =S5, +Sn_, +1forv =1,
N —1. Hence the value of Sy depends recursively on S, and one finds

Sv=NS,+N—-1. (32)

Finally, after calculating the set of the y(”)(x) polynomials, the factorising perturbed
potential is obtained:
+1) 2 N
U m)=="ED M Sy )
with (33)
s, y(”)
UP(x, m)=-BS -2qy{" + Z =[m(m+1)]°,

i.e. the perturbing part of %(x, m) is merely a polynomial in x of degree Sw, the
coefficients of which depend on m(m + 1) and 8.
The associated ladder function is

K (x, m)=m+—q-+KN(x, m)
x m
where (cf equation (21) with k, =0) (34)

Knx,m)= 3 v Z m>! z (),
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The associated energy function is (cf equation (22) with B_; = —2gko=0):
2 N S,
=<é’(m)‘—--T* Y " L BYm™. (3%5)
v=1 v=0

We have thus manufactured the necessary mathematical tools to factorise any
wave equation (1) involving a Coulomb potential (type F) with an additive pertur-
bative Hamiltonian which is (or can be expanded in) a positive power series of x.

Indeed, let us consider a given equation

2

(a";f+7/(x)+bo+%’)w=o (36)

with

V== M bt e (37)

The values of g and b; are, of course, specific to the physical problem under consi-
deration.
In order to identify ¥'(x) with % (x, m) (equation (33)), it is convenient to write

+1
V(x)=———-—-—m(r: )—2q+ Z CV(V)(x)
with
SV
YOx)= Y bux” 38)
u=8,_1+1

From successive identifications of ¥® with U, the 8¢’ may be expressed in terms of

b; and w=m(m+1) so consequently analytical expressions of the factorisation
function #(m; b;, u) and the ladder function ¥ (x, m; b;, p) are found depending on b;
and u. Hence, using the factorisation scheme (with p considered as an artificial
parameter) one obtainsanalytical expressions of the eigenvalues (class 1):

E=80+&V+. . +EN =L(i+1; b, un)-bo. (39)
The ‘key perturbed’ function is the solution of the first-order differential equation

(KO j+ 1)+ K e, j+ 13 By )= o)Wy =0 40)
and one gets the following expression of the ‘key perturbed eigenfunction’ (m =j)

V=P exp(J Kn(x, j+1; by ) d) @1)

where the artificial parameter i has to be set to its actual value u =j(j +1) and
VP =N’ explax/(j +1)] (42)

is the zero-order normalised key function, the solution of equation (5) for type F
(class 1):

o+
(kO j+D-<Yep= (2 x1+]fl Y=o, (43)
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Then, starting from the ‘key perturbed’ eigenfunction (41), the complete set of
eigenfunctions is generated by successive application of the ladder operator

(K‘O’(x, m)+ Kn(x, m; b, p-)+%)‘l’,-m =(&—L(m; biy u))"* V1. (44)

Once the ¥, (x; b;, u) function is obtained, the artificial parameter u is set to its true
value m(m +1). For instance, applying the ladder operation (44) once to (41) gives

_(@i+1)"”? . : ) :
jor = (T W+ B () Ko+ D)VY) x| Ko+ 1) i) 3)
where Kn(j)=Kn(x,j; by u)and m=j—~1->pu =j(j-1).
Wiy = Q2j+1)"2Wlqx +j(j + D))’ explgx/(j +1)] (46)

is the zero-order normalised wavefunction and #; is the normalised constant of the
key, since the ladder operation (5) preserves the normalisation of the functions.

4.2. Illustrative application

Let us apply the method to a special case, i.e. let us take S; =2 and ¢ = —17%. One has
first to work out the expression of U,
Since QP(x) =0, from equation (31):

1 1 1
y§) =-38x

yiP = (=381 +1s88)x — 588 . “7)
Then from equation (33), setting m(m +1)=pu:
U, my= =88+ (181 + 58 ) ~ 38w’
+ (38 + 4B - 38V u)r ~360x” 8)
Equating coefficients of equal powers of x in U™ = ¥ = b x + b,x2, one gets:
3(21) = —%bz
B ==3b1-3by(1-3u) (49)
0 =1b,u
and, from (35), for the first order (N =1):
x(m)=—$+%bm—(%bl+%b2(1—3u))m2—§b2m4. (50)

In order to obtain the first-order perturbed eigenvalue one can now apply the
factorisation scheme (with u considered as an artificial parameter). Since, in terms of
the usual quantum numbers (n, /), and after setting Rn(r)=V¥;,/r and x = Zr, the
Coulombic problem is a class 1 case with j=n—~1, m =/, the following analytical
expression of the first-order perturbed energy (cf equations (39) and (50)) is obtained:

1

1
eV +ed = —F—bo—§b1[3n2—l(l+ 1)]—-;-b2n2[5n2-3l(l+ 1+1]. (51)

T This is not a restriction. One can always assume q = —1 by change of variable —gx->x'.
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Let us now consider the determination of the second-order energy with S, =
285, +1=5 (equatlon (32)). In order to obtain the ¥, one has first to calculate the
increments Q% arising from the first-order contribution (KV)* (see equations (29)
and (30)). Since, from equation (21)

KO, my=y(x)m +2v5° (x)m?, (52)

where —yf}) are already known functions of x, b; and u, after a few elementary
manipulations, one arrives at:

0(2) Q(2)
Q(Z) = lb2
QP =1by(b1— wb2)x® +§b3x*
af )=iﬁ(l-tb2 1)2x3+%(/.1.b2— 1)b2x4+ﬁb§x5

After calculating the y&(x) (see appendix 2), in the same way as the first-order
calculation, one obtains the second-order energy

0 1 2
gV +ED+ED

1
= —%—bo—-l—bl(an—,\)——b2n2(5n2—3/\ +1)

(53)

—$b3n°[350 +5n%(5-6A)—=3A(2—A)]—15bIn*(Tn*+5n% = 317)
—4ban?[63n° +35n*(3—2A)+12—50A +1517)
~16bsn*[231n°+105n*(7—=31)+21n*(14 =251 +5A%)

—SA(12—8A + A3 —16b1bn*[45n* + 703 (9= 21) - 51 (2+3))]
~35b3n°[143n*+15n%(23 — 64 )+ 7(4— 18 —3A7))] (54)

with A =1(l+1).

One can also calculate the third-order (N = 3) energy corresponding to the same
truncation of the perturbing potential (up to x°). Taking S; =1, S, =3 and S5 =5, one
finds that the third-order energy is given by expression (54) with the last term replaced
by the two following ones:

—35b1b3n*[7Tn® +15n*(13-3A)+Tn* (4 —-9A =343 =51 (2-1)]
—&bin*(33n%+75n% = 70222 - 10A). (55)

Let us point out that expression (54) generalises previous results of Iafrate and
Mendelsohn (1969, 1970, 1973). Indeed, when re-arranging their expression (cf
equation (28) of Iafrate and Mendelsohn 1970) in terms of A = /(I + 1) one finds again
expression (54) cut off from the four last terms, i.e. their result is found to correspond,
with our perturbed scheme, to a second-order calculation with S;=1-S5,=3.

Let us now obtain the wavefunctions. As pointed out before, it is sufficient to view
the perturbative ladder function K as a polynomial in x. For our illustrative example
$1=2, and for the first order

K1 =KV =4n{{b,— byu)m +2b,m>)x + bmx?}. (56)

When using the general results of the preceding section for m =1, j=n~1, u=A=
I(l+1), x=2Zr and ¥}, =Z "R, and on retaining the linear term in 7, one finds
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for instance, the following first-order perturbed wavefunctions:
RY =[1+3(b1+2b2)Z°r +1b,Z°°|RY
RS =[1+5(b1+6b,)Z%r* +36,2°r"|RY) (57)
R =[1+(b,+4b)Z%* +3b:Z°r*|RSY + 3V *[(by +6b2)Zr + b2 Z*r*1RS)
where the R are the well known radial hydrogenic normalised functions.
Expressions for yf,”(x) and K@, which are needed in order to determine the

second-order perturbed wavefunctions (N=2,8,=2-5,=5), are given in
appendix 2.

5. Analytical determination of the screened Coulombic energies and wavefunctions

Let us focus our attention on the determination of the bound state energies of the
screened Kepler problem. Its importance has been widely recognised (see for instance
Rogers ef al 1970, Bessis et al 1975, McEnnan ef al 1976 and the references given
therein). It is known that the static screened Coulomb potential

Vsscp(r)=—(Z e *")/r (58)
or the exponential cosine screened Coulomb potential
Vecse(r)=—(Z e™*"/r) cos(aor) (59)

where ao is a screening parameter, occurs in several fields of physics (solid state
physics, nuclear physics, statistical thermodynamics, etc). Instead of (58) or/and (59),
it is convenient to use one unique expression

Vse(r)=—(Z e ™"/r) cos(eaor) (60)

which for € =0 and € = 1 reduces to Vsscp and Vecsp respectively.
After setting R,(r)=¢n(r)/r, the radial Schrédinger equation involving the

screened potentials writes (in au)
& I(l+1) 2Z _
(a—p—(—”z—)*’—?‘e Fof COS(GCYQI')+2E,‘)!/I,,1(I')=0. (61)

Let us consider the screened potentials Vsc as a Coulomb potential with an
additive perturbative potential. Setting x = Zr, @ = ao/Z and introducing the Taylor
expansion of this perturbative potential near r = 0F, the equation (61) is reduced to
the standard form (36) with

2

g=?En; q=—1
(62
b _i[ d* re”™ cos (eax)—l)] )
“7uthdx®\ x £=0
or
B (—a)u+1“(“+1)] ju+1 2
b"_z(u+1)! o _1)( 2j )E ' (63)

t One could also choose, without introducing any difficulty, another origin of the Taylor expansion; for
instance, the Bohr radius (see Bessis ef al 1975).
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Particularly
0= —2a
bi=a’(1—€?)
b, =—3a’(1-3€%)
by=1sa*(1-6€*+¢€) (64)

ba=—gsa’(1—10€>+5¢€*)
bs=70a’(1—15¢*+15¢* ~ €°).

When substituting these expressions for b; into expression (54) (S:=2-8,=15)
one getst for the static case (¢ = 0):

AR PP S 3
E,.,—7< —+2a-5(3n’~Aa+2n*(5n’ =31 + 1a
2

—1’—[77n‘+5n2(11—6A)—3A(2+5A)]a4

160[171n +351%(7—=2A)=5SA(10+9A %)+ 4]’

4
73760
~5A(12-8A +,\2)]a6>. (65)

[30911°+15n*(509— 141A)+7n2(122 - 4351 —451?%)

The third-order static energy (N =3 with §; =1- 8§;=15) is given by expression (65)
when the last (~a°) term is replaced by the following:
4

[6666n°+60n*(271—39A)+42n%(37—80A —35A%)

5760
-5A(102-53A +181A%)]a®. (66)
For the cosine case (¢ =1)
Z* 1 1 ) .
E,.,=—2—( +2a+—n (517 =34 + a4 22 n (358 + 5n°(5—61)= 34 2~ la

—55n*[63n*+35n%(3—2A)+12-50A +15A%]a°
—n%[143n* + 150323 ~61)+7(4— 18A —3A2)]a6>. 67)

In this case, the third-order energy (S3 = 5) is given by the expression (67) cut off from
the last (~a®) term. Since the main purpose of this paper is to present the method
rather than to give extensive tables, only two illustrative test results, i.e. second-order
perturbed energies corresponding to successive choices §;=2-S>=5 and §;=3~
82 =7 are given in table 2 (¢ = 0) and table 3 (e = 1).

Our results are in good agreement with the most accurate ones obtained elsewhere
(Rogers et al 1970, Lam et al 1971, 1972, Bessis et al 1975).

tIt should be noted that our result stands for a more general cosine potential Vgeep=
(—Z e™"/r) cos(apr) with ag # ag by choosing € = ap/ag in (63).
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6. Conclusion

Following the original suggestions of Schrodinger, Infeld and Hull, we have enlarged
the field of application of the factorisation method. Indeed, by mapping the pertur-
bation scheme onto the ladder operator formalism ‘perturbed factorisation and ladder
functions’ have been built up. Consequently, one is able to obtain, in a straightforward
way, analytical expressions of eigenvalues and eigenfunctions. These expressions are
given in terms of the quantum numbers of the properly chosen factorisable unpertur-
bed problem. Since the perturbed ladders contain all the essential information, the
perturbed eigenvalues are obtained without having to calculate explicitly either the
excited unperturbed functions or any matrix element. One may add that the treatment
of the N'th order is not significantly more difficult than the first order.

In this paper, special attention has been paid to type F factorisation and the
generalised central field problem has been thoroughly investigated. Our calculations
of the screened Coulombic eigen-energies, which have been chosen among other
possible interesting applications, lead to results in good agreement with the most
accurate ones.

The remaining other types of factorisation are under study and will be presented in
a further paper.

Appendix 1

Consider a one-dimensional differential equation of the Sturm-Liouville type

d d
|55 (POYS) + 00 my+a0)]o) 0. (A1)
It can be transformed into the standard form
d2
(aﬂ U(x,m)+A)¢(x)=0- (A.2)

The transformation connecting equations (A.1) and (A.2) is

¥ =(Pp)*s, dx = (p/P)"* dy. (A3)

Indeed, the possibility of such a transformation implies that the functions P(y) and
p(y) are never negative and p(y)/P(y) exists everywhere.

Appendix 2. Second-order (N =2,S5,=5) perturbative potential and ladder
functions

From (31), one gets

Ys = —Qs(x)—ﬁﬁsx

Ya=~Q4(x) = 5(Bs—11Bs)x —11Bsx”

y3=—0(x)— 3Bs—3B4+11Bs)x — (B4 —1985)x> ~&Bsx® (A4)
¥2= = 0a(x) = (382~ 383+ 3B~ T1Bs)x — (3B~ 8B4+ 33Bs)x” — iBa—HBs)x’ ~ HBsx’



Perturbed ladder operator method 483

y1= =0 (x)—3(81—3B2+7B3—1Bs +§‘Bs)x - (%ﬁz—%ﬁa +3B4—1iBs)x’
~4(35B3—31B4+1e5B8s)x> — a—11Bs)x* —FiBsx’

where the shortened notation vy, = 7,(,2), Q,= Qf,z) and B, = B has been introducezd
After substituting the expressions (53) of the B8 and identifying U® = ¥"?®
b3x3+b4x4+b5x5, one gets:

Bs=—33(42bs+13b3)
Bs= —%ba “1_1Q6§(7 —3u)bs ‘%lhbz “%(23 - 6#)17%
Bs=—%b3—F(3~2u)bs~14(14 - 250 +5u>)bs — Teb —16(9—2u)b1b2
~32(4 - 18u —3u")b3 (A.5)
2=~ §(5—6u)bs—5(12~50u +15u)bs +76(12 — 8y + u*)ubs ~feb
+76(10+3p)ub1bs
B1=3(2— u)ubs+1eu’bi.
Then from the second-order perturbative ladder function (see equation (34)):

K®=ym+Qys+y)m*+Bys+4dys+ys)m® + (dys+10ys)m” +5ysm®. (A.6)

References

Bessis N, Bessis G, Corbel G and Dakhel B 1975 J. Chem. Phys. 63 3744
Duff GF D 1949 Can. J. Math. 1 379

Hadinger G, Bessis N and Bessis G 1974 J. Math. Phys. 15 716

Iafrate G J and Mendelsohn L B 1969 Phys. Rev. 182 244

—— 1970 Phys. Rev. A 2 561

—— 1973 Phys. Rev. A8 1138

Infeld L 1942 Trans. R. Soc. Can. 36 7

Infeld L and Hull T E 1951 Rev. Mod. Phys. 23 21

Lam G S and Varshni Y P 1971 Phys. Rev. A 4 1875

—— 1972 Phys. Rev. A 6 1391

McEnnan J, Kissel L and Pratt R M 1976 Phys. Rev. A 13 532

Rogers F J, Graboske H C and Harwood D J 1970 Phys. Rev. A1 1577
Schrédinger E 1940 Proc. R. Irish Acad. A 46 183

~—— 1941 Proc. R. Irish Acad. 47 53



